
Chapter 25
Numerical Analysis of Permeability Coefficient
Influence on Dynamic Responses in
Poroviscoelastic Solids Using BEM

Leonid A. Igumnov, Aleksander A. Ipatov, and Svetlana Yu. Litvinchuk

Abstract In the present paper wave propagation in poroviscoelastic solids is studied.
Research is dedicated to modeling of a slow compressional wave in poroviscoelastic
media by means of boundary-element method. Poroviscoelastic formulation is based
on Biot’s model of fully saturated poroelastic media with a correspondence principal
usage. Standard linear solid model is employed in order to describe viscoelastic
behavior of the skeleton in porous medium. The boundary-value problem of the three-
dimensional dynamic poroviscoelasticity is written in terms of Laplace transforms.
Modified Durbin’s algorithm of numerical inversion of Laplace transform is used to
perform solutions in time domain. The problem of the load acting on a poroelastic
prismatic solid is solved by means of developed software based on boundary element
approach.

25.1 Introduction

Wide range of natural and artificial materials can be treated as a porous media, for
example rocks, soils, biological tissues, foams, ceramics, etc. Porous medium is a
solid with pore system, filled with a liquid or gas. Wave propagation in saturated
porous media is an important issue of engineering sciences, such as geophysics,
geomechanics, seismic prospecting, bioengineering etc. Satisfactory accuracy of the
results of such studies cannot be achieved using elastic or viscoelastic models of the
material and requires the development of effective tools, methods and models. Thus,
the problem of mathematical methods development and their application in wave
propagation investigation in nonhomogeneous viscoelastic, poroelastic and poro-
viscoelastic solids appears. The poroelasticity theory was developed and nowadays
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is important to engineering applications. However, in addition to the macroscopic
effects, there exist many other time-dependent physical mechanisms. For example,
the rock mass itself without fluid can exhibit creep behavior. These phenomena can
be modeled as apparent viscoelastic mechanisms at the macroscopic level.

Studying of the dynamic processes in porous media began from the discovery of
the experimental law of liquid filtration in a porous medium, made by Darcy (1956).
In Frenkel (1944) developed full set of dynamic equations that describes acoustics
of isotropic poroelastic media. The theory of two-phase porous material, which con-
sists of elastic skeleton and fluid, was introduced by Biot (1956b,c). Biot theory is
a generalization of classical theory of elasticity on saturated porous medium. The
implementation of the solid viscoelastic effects in the theory of poroviscoelasticity
was also first introduced by Biot (1956a). The dynamic interaction analysis involv-
ing poroelastic/poroviscoelastic media is extensively studied in literature (de Boer,
1996; Schanz, 2001; Detournay and Cheng, 1993; Giorgio et al, 2019). Some recent
results regarding porous materials such as visco-poroelastic and partially saturated
porous media can be found in Madeo et al (2013); Giorgio et al (2016). There are
two major approaches to dynamic processes modeled by means of boundary ele-
ment method (BEM): solving boundary integral equation (BIE) system directly in
time domain or in Laplace or Fourier domain followed by the respective transform
inversion (Goldshteyn, 1978; Bazhenov and Igumnov, 2008). Durbin developed an
approach, namely fast Laplace inverse transform (FLIT) for numerical evaluation of
the integrals (Durbin, 1974). Some modifications were recently proposed by Zhao
(2004) in order to overcome a drawback of constant integration step in FLIT.

Biot’s model correctly describes processes of deformation of an elastic porous
medium and fluid flow in it. It is assumed that the space containing poroelastic
medium is filled with a two-phase material, and one phase corresponds to the elastic
skeleton, and the another one to the fluid in pores. Both phases are present at each
point of the physical space, and the phase distribution in space is described by
macroscopic quantities such as porosity. The fundamental property of a poroelastic
saturated medium, following from Biot’s theory, is the existence of two longitudinal
waves in such media, fast and slow, and also a shear wave. The fast longitudinal wave
and the transversal wave are similar in their nature to waves in an elastic medium,
whereas the slow longitudinal wave is characteristic of a porous medium. The slow
wave is more difficult to detect, as its amplitude is considerably smaller than that
of the fast longitudinal wave. In present paper we demonstrate viscosity parameter
influence on dynamic responses in poroviscoelastic solid and also in case of slow
longitudinal wave modeling.
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25.2 Mathematical Model

25.2.1 Poroelastic Formulation

Homogeneous body Ω in three-dimensional Euclidean space R3 is considered, with
the boundary Γ . It is assumed, that body Ω is isotropic poroviscoelastic. The set of
differential equations of poroelasticity for displacements ūi and pore pressure p̄ for
Biot’s model of fully saturated poroelastic continuum in Laplace domain take the
following form Schanz (2001):

Gūi,jj +

(
K +

1

3
G

)
ūj,ij − (ψ − β) p̄,i − s2 ($− β$f) ūi = F̄i , (25.1)

β

s$f
p̄,ii − φ2s

R
p̄− (ψ − β) sūi,i = āi, (25.2)

whereK andG are the elastic moduli of the porous material, p is the porous pressure
of the filling material, F̄i is volume force density. Coefficient ψ is determined as

ψ = 1− K

Ks
, (25.3)

where Ks is bulk modulus of the skeleton grains. In (25.2) R is parameter charac-
terizing the relation between the solid body and the liquid:

R =
φ2KfK

2
s

Kf(Ks −K) + φKs(Ks −Kf)
(25.4)

β =
κ$fφ

2s2

φ2s+ s2κ($a + φ$f)
.

where $ = $s(1− φ) + φ$f , $s is density of the skeleton grains, κ is permeability,
$f is density of the filling material, Kf is the bulk modulus of the liquid.

A generalized unknown vector, which contains displacements and pore pressure
and a generalized force vector are additionally introduced as

ū("x, s) = (ū1, ū2, ū3, p̄) "x ∈ Ω, Ω ⊂ R3 , (25.5)

t̄("x, s) = (t̄1, t̄2, t̄3, q̄) "x ∈ Ω, Ω ⊂ R3 , (25.6)

Equations (25.1) and (25.2), supplemented with boundary conditions:

u("x, s) = ũ, "x ∈ Γ u , (25.7)

t("x, s) = t̃, "x ∈ Γσ , (25.8)

where Γ u is the Dirichlet’s boundary and Γ σ is the Neumann’s boundary, where
corresponding generalized displacements and generalized tractions are prescribed.
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25.2.2 Poroviscoelastic Formulation

Poroviscoelastic solution is obtained from poroelastic solution by means of the
elastic-viscoelastic correspondence principle, applied to skeleton’s constants K and
G in Laplace domain. Forms of functions K̄(s) and Ḡ(s) are depends on chosen
viscoelastic model. Material functions for Standard linear solid model are:

K̄(s) = K∞ ·
[
(θ − 1)

s

s+ γ
+ 1

]
(25.9)

Ḡ(s) = G∞ ·
[
(θ − 1)

s

s+ γ
+ 1

]
(25.10)

Parameter γ characterize viscosity. The equilibrium and instantaneous values of
the relaxation function associated with material modules are connected as follows:

θ =
K0

K∞ =
G0

G∞ (25.11)

Equilibrium and instantaneous values are denoted by «∞» and «0» respectively.

25.3 Solution Method

25.3.1 Boundary-Element Approach

Boundary-value problem (25.1)–(25.8) is solved using the direct boundary element
method (BEM), based on a combined use of integral Laplace transform and BIE’s
of the 3D isotropic theory of poroelasticity:

"C("y)"u("y, s) +

∫
Γ

"T ("x, "y, s)"u("x, s)dΓ =

∫
Γ

"U("x, "y, s)"t("x, s)dΓ

where "x, "y ∈ Γ, "U("x, "y, s) and "T ("x, "y, s) are matrices of fundamental and singular
solutions, respectively, "x is an integration point, "y is an observation point. The
values of the coefficients of matrix "C are defined by the geometry of boundary Γ. A
procedure for obtaining BIE’s, based on the weighted residual method can be found
in Schanz (2001). Some of the problems of the arising kernels of BIE’s are discussed
in Schanz (2009).

Equations (25.12) comprise singular integrals in the sense of Cauchy, which are
quite difficult to compute. Use of the boundary properties of retarded potentials
makes it possible, based on Ugodchikov and Hutoryanskii (1986), to write down a
regular representation of equation (25.12):
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Γ

(
"T ("x, "y, s)"u("x, s)− "T 0("x, "y, s)"u("y, s)− "U("x, "y, s)"t("x, s)

)
dΓ = 0 ,

where "T 0("x, "y, s) is singularity matrix and "x, "y ∈ Γ. Using Equation (25.12), it is
possible to construct a boundary-element solution of the BIE.

In the result of spatial discretization, boundary Γ is represented with a set of KE

quadrangular eight-node boundary elements. The geometry of each element EK is
defined by biquadratic functions of form Nm and the global coordinates of nodes
"xk
m, related as (Bazhenov and Igumnov, 2008)

"x(ζ) =
8∑

m=1

Nm(ξ)"xk
m , k = 1..K (25.12)

where ξ = (ξ1, ξ2) ∈ (−1, 1) × (−1, 1) are local coordinates. According to cor-
related interpolation model Goldshteyn (1978), displacements are described using
bilinear elements with the related bilinear functions of form Rl(ξ), and surface
generalized forces are described with constant boundary elements:

"u(ξ) =

4∑
l=1

Rl(ξ)"u
k
l , (25.13)

"t(ξ) = "tk , (25.14)

where "uk
m and "tk are nodal values of displacements and tractions, respectively, over

element Ek .
A discrete representation of BIE’s written at the nodes of the approximation of

boundary functions "yi , using the collocation method and accounting for (25.12)–
(25.14), is of the following form:

KE∑
k=1

4∑
m=1

Δ"T k
mi"u

k
m =

K∑
k=1

Δ"Uk
mi
"tk , (25.15)

Δ"Uk
mi =

∫ 1

−1

"U("xk(ξ), "yi, s)Jk(ξ)dξ , (25.16)

Δ"T k
mi =

∫ 1

−1

(
Rm(ξ)"T ("xk(ξ), "yi, s)− "I · "T 0("xk(ξ), "yi)

)
Jk(ξ)dξ , (25.17)

where "I is unit matrix, Jk is Jacobian of the local coordinates into global ones.
The elements of matricesΔ"Uk

mi,Δ"T k
mi are computed using numerical integration

schemes depending on the kind of integral (nonsingular or singular). Nonsingular
integrals arise, when the collocation point does not belong to the element. Here,
standard Gaussian-type formula is used in combination with a hierarchical subdivi-
sion of the elements (Ugodchikov and Hutoryanskii, 1986). Singular integrals arise,
when the collocation point is situated on the element being integrated over. In this



434 Igumnov, Ipatov, Litvinchuk

case, new local coordinates are introduced, making it possible to avoid a singularity
in the integrand and to use Gaussian integration.

25.3.2 Laplace Transform Inversion

The inverse of Laplace transform is defined as the following contour integral:

L−1{f̄("x, s)} = f("x, t) =
1

2πi

α+i∞∫
α−i∞

f̄("x, s)est ds (25.18)

whereα > 0 is the arbitrary real constant greater than the real parts of all singularities
in f̄("x, s). When values of f̄("x, s) are available only at the sample points, analytical
evaluation of integral in Eq. (25.18) is impossible. Supposing s = α+iω we have the
following expressions (for convenience the spatial variable "x is omitted hereinafter):

f(0) =
1

π

∞∫
0

Re[f̄(α+ iω)] dω (25.19)

f(0) =
eαt

π

∞∫
0

[
Re[f̄(α+ iω)] cos(ωt)−

Im[f̄(α+ iω)] sin(ωt)
]
dω, t > 0. (25.20)

Durbin (1974) developed an approach, namely fast Laplace inverse transform
(FLIT) for numerical evaluation of the integrals in Eqs. (25.19) and (25.20). In this
section, we briefly review a modifications recently proposed by Zhao (2004) in order
to overcome a drawback of constant integration step in FLIT. Let R be large real
number so we can rewrite Eqs. (25.19) and (25.20) as follows:

f(0) =
1

π
lim

R→∞

R∫
0

Re[f̄(α+ iω)] dω (25.21)

f(0) =
eαt

π
lim

R→∞

R∫
0

[
Re[f̄(α+ iω)] cos(ωt)−

Im[f̄(α+ iω)] sin(ωt)
]
dω, t > 0. (25.22)
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Defining the nodes as 0 = ω1 < ω2 < · · · < ωn < ωn+1 = R we approximate
Eqs. (25.21) and (25.22) as

f(0) ≈ 1

π

n∑
k=1

ωk+1∫
ωk

Re[f̄(α+ iω)] dω (25.23)

f(0) ≈ eαt

π

n∑
k=1

ωk+1∫
ωk

[
Re[f̄(α+ iω)] cos(ωt)−

Im[f̄(α+ iω)] sin(ωt)
]
dω, t > 0. (25.24)

In each segment [ωk, ωk+1], k = 1, n the real and imaginary parts of f̄(s) are
approximated with linear functions as follows

Re[f̄(α+ iω)] ≈ Fk +
Fk+1 − Fk

ωk+1 − ωk
(ω − ωk) (25.25)

Im[f̄(α+ iω)] ≈ Gk +
Gk+1 −Gk

ωk+1 − ωk
(ω − ωk) (25.26)

where Fk = Re[f̄(α + iωk)], Gk = Im[f̄(α + iωk)]. Substituting Eq. (25.25) and
(25.26) into Eqs. (25.23) and (25.24) and making direct integration we obtain

f(0) ≈
n∑

k=1

[ (Fk+1 − Fk)Δk

2π

]
(25.27)

f(t) ≈ eαt

πt2

n∑
k=1

[ (Fk+1 − Fk)

Δk
(cos(ωk+1t)− cos(ωkt)) +

(Gk+1 −Gk)

Δk
(sin(ωk+1t)− sin(ωkt))

]
(25.28)

where t > 0, Δk = ωk+1 − ωk.

25.4 Numerical Results

25.4.1 Test Example

Following problem is considered: three-dimensional poroelastic prismatic body is
clamped at its left end, and subjected to uniaxial and uniform impact loading t2 =
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t∗2H(t), t∗2 = −1N/m2 at the right end Fig. 25.1, H(t) is a Heaviside step function.
The remaining surfaces are traction free.

Fig. 25.1 Problem statement.

Poroelastic material parameters are (soil): K = 2.1 · 108 N/m2, G = 9.8 ·
107 N/m2, Ks = 1.1 · 1010 N/m2, Kf = 3.3 · 109 N/m2, ρ = 1884 kg/m3, ρf =
1000 kg/m3, φ = 0.48, κ = 3.55 · 10−9 m4/(N · s).

In this example, we consider Durbin’s method and its modification. A boundary-
element mesh of 1152 quadrangular elements is employed in computations.

Algorithm 1. : Inverse Laplace transform of frequency domain Analytical solution
of the problem with large number of sampling frequencies.
Algorithm 2. : Inverse Laplace transform of numerical boundary-element solution;
constant step by ω, Δk = 0.5, k = 1, 2, . . . , 400, ωmax = 200; integration time is
2093.3 seconds.
Algorithm 3. : Inverse Laplace transform of numerical boundary-element solution;
variable integration step with following relation of its to produce Δk = ωk+1 − ωk

(Zhao’s algorithm): ωk = e(kx)
m − 1, where m = 0.8, k = 1, 2, . . . , 400 and

x =
1

k
(ln(ωmax + 1))1/m, with ωmax = 200, integration time is 2094 seconds.

Figures 25.2 and 25.3 shows the displacement u2(t) and pore pressure p2(t) at
the point with coordinates (0.5, 1.5, 0.5).

Proposed approach is proved to be an accurate and efficient method. We may
observe that modified algorithm gives more accurate results with the same time cost.
Further computations are obtained with inverse Algorithm 3.

25.4.2 Poroviscoelastic Solutions

The 3D poroelastic column loaded by a Heaviside-type function is considered as
example to study the behavior of transformation method. The width of the column is
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Fig. 25.2 Displacements
u2(t) in case of different
Laplace transform inversion
algorithms.
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Fig. 25.3 Pore pressure p(t)
in case of different Laplace
transform inversion algo-
rithms.
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1m, the height 3m. The column has zero displacements on one end and prescribed
normal force on the other end. A boundary-element mesh of 1152 quadrangular ele-
ments is employed in computations. The problem statement is presented in Fig. 25.1.
The parameters of the fully saturated porous material corresponds to the soil:
K = 2.1 · 108 N/m2, G = 9.8 · 107 N/m2, Ks = 1.1 · 1010 N/m2,
Kf = 3.3 · 109 N/m2, ρ = 1884 kg/m3, ρf = 1000 kg/m3, φ = 0.48,
κ = 3.55 · 10−9 m4/(N · s).
The principal differences may be observed when slow longitudinal wave is mod-
eled. This wave has a large dispersion and is difficult to identify, so for its detection
by numerical-analytical methods, it is necessary to artificially set a high values of
permeability coefficient. On Fig. 25.4–25.5 calculation results with different perme-
ability coefficients are presented.

On Fig. 25.4–25.5 calculation results with different permeability coefficients are
presented.

For poroviscoelastic analysis standard linear solid model is employed. Standard
linear solid model parameters are: θ = 10, γ = 10, 1 and 0.1.
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Fig. 25.4 Displacements
u2(t) with different perme-
ability coefficient value.
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Fig. 25.5 Pore pressure p(t)
with different permeability
coefficient value.
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Fig. 25.6 Displacements
u2(t) with different value of
viscosity parameter.
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Fig. 25.7 Pore pressure p(t)
with different value of viscos-
ity parameter.
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An influence of material viscosity on transient responses of displacements and
pore pressure is presented. On Fig. 25.6–25.7 the effect of the transition from in-
stantaneous to equilibrium moduli in case of the standard linear solid model is
presented.

Fig. 25.8 Pore pressure p(t)

at the middle of the column
for the increased permeability
κ = 3.55 · 10−7 with different
value of viscosity parameter.

−0.5

 0

 0.5

 1

 1.5

 2

 0  0.5  1  1.5  2
x10

−2

p
, 
N

/m
2

t, s

poroelastic, k = 3.55·10
−7

γ=10,  k = 3.55·10
−7

γ=1, k = 3.55·10
−7

γ=0.1, k = 3.55·10
−7

On Fig. 25.8–25.9 presented poroviscoelastic solutions in case of increased of
permeability coefficient and different values of viscosity parameter.

25.5 Conclusion

The results of numerical modeling of the poroviscoelastic medium are presented.
The poroviscoelastic media modelling is based on Biot’s theory of porous mate-
rial in combination with the elastic-viscoelastic corresponding principle. Boundary
integral equations method and boundary element method are applied in order to
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Fig. 25.9 Pore pressure p(t)

at the middle of the column
for the increased permeability
κ = 3.55 · 10−5 with different
value of viscosity parameter.
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solve three dimensional boundary-value problems. Viscous properties are described
Standard linear solid models. A Laplace domain BEM formulation based on inte-
gral representations of the fundamental solutions has been presented for the analysis
of three-dimensional poroviscoelastic problems. The boundary-element scheme is
based on boundary integral equations for dynamic poroelasticity applied with time-
step method of numerical Laplace transform inversion. The modified Durbin’s meth-
ods were used to invert solution to the time domain. Numerical results comparison
provided on the example of the problem about Heaviside-type load acting on the
poroelastic column. Significant differences between numerical results are observed
in case of slow longitudinal wave modeling. An influence of viscoelastic param-
eters on displacement responses is demonstrated on the example of a problem of
the prismatic poroviscoelastic solid under Heaviside-type load. Proposed approach is
proved to be an accurate and efficient method particularly well suited for the dynamic
problems of the linear poroviscoelasticity.
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