
Chapter 22
An Experimental-Numerical Procedure for the
Determination of “True” Stress-Strain Tensile
Curve in Ductile Materials

Anatoliy M. Bragov, Aleksander Y. Konstantinov, and Andrey K. Lomunov

Abstract The present work describes experimental-numerical procedure, which
allows constructing the full true stress-strain curve considering plastic strain local-
ization or stress inhomogeneity due to the specimen shape feature. The input data
are the force F (t) acting on the specimen and the rate of change of specimen gauge
length V (t) over time. The true deformation diagram is constructed using iterative
process, which is sequential correction of material’s stress-strain curve to get match-
ing between experimental and obtained from numerical simulation integral forces.
Some examples based on data obtained using Split Hopkinson Tension Bar are given.

Keywords: True stress · Deformation curve · Necking · Strain localization · Inverse
analysis

22.1 Introduction

Tension experiments (including high strain rate tests) hold a special place in the
system of basic experiments, used for identification of material behavior. This kind
of tests allows determining deformation diagrams as well as ultimate fracture char-
acteristics, which are necessary for prediction of strength of the structures. However,
tensile tests have a number of features, which have to be taken into account while
planning an experiment and interpreting its results. A specially shaped specimen is
usually used. Specimens should have a gauge area and areas for their fixing in an
experimental setup. Areas for fixing might affect stress and strain fields in gauge area
(Fig. 22.1). These effects can be minimized by increasing the length of gauge area.
This method is employed for static experiments. In case of dynamic loading there are
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some length limitations for gauge area due to the wave effects. Therefore, influence
of fixing areas can be significant. Moreover, strain localization and necking process
cause difficulties in obtaining true strength and strain characteristics of material. In
this case, plastic deformation becomes inhomogeneous in the working part of the
specimen. The stress state in the neck becomes volumetric, due to a change in the
geometry of the sample (Shen and Jones, 1993). There are two main approaches to
determining the true stress-strain curve in this case. The first is based on analytical
(Malinin and Rzysko, 1981; Bridgman, 1955; Davidenkov and Spiridonova, 1946)
or semi-empirical (Mirone, 2004; Gromada et al, 2011) models for estimating the
components of the stress tensor in the neck. To do that, information on the geometry
of the specimen in the localization zone (the radius of the minimum cross-section in
the neck and the radius of curvature of the neck) is also used in addition to the integral
force measured in the experiment. In recent years, many research efforts have been
carried out to develop a more accurate and reliable method to extract the true stress-
strain curve beyond necking by utilizing finite element method (FEM). Cabezas and
Celentano (2004) produced an experimental and numerical analysis of the tensile test
using sheet specimens and received correction factors for sheet specimens. Zhano
and Li (1994) and Joun et al (2008) proposed an iterative approach to obtain the
true stress-strain curve of a cylindrical sample up to fracture based on experimental
F-dL curve and FEM simulations. Recently, a new experimental measurement tool
of the high-resolution digital camera was employed by some researchers (Scheider
et al, 2004; Dan et al, 2007) to overcome the difficulties in tracing the change in
the geometry of the specimen. However, the problem in using this tool in dynamic
testing is that the spatial resolution of the camera decreases sharply with increasing
frequency of shooting. Therefore, it is difficult to obtain the necessary resolution both
in space and in time at the same time. This paper describes an iterative procedure
for constructing a true deformation curve based on the integral force history and
the elongation law, which quickly converges and is easily integrated into the finite
element program.

Fig. 22.1 Influence of fixing
parts of specimen
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22.2 Split Hopkinson Bar Technique

One of the most widely used loading techniques at high strain rates is the split
Hopkinson pressure bar (SHPB) or the Kolsky method developed by Kolsky (1949).
There are some review works (Field et al, 1994; Kolsky, 1949; Bacon and Lataillade,
2001; Gama et al, 2004) that describe a historical background of SHPB method.
Classical compressive SHPB method has good theoretical justification and it is fairly
well explored. But some practically important characteristics of materials cannot be
determined from this type of experiment, namely ultimate strength and ultimate
plastic strain. Moreover deformation diagram may be stress state dependent, that is
the stress-strain curve obtained in tensile experiments may differ from compression
one. Therefore, determination of deformation diagram in tension is an important
independent problem. Some schemes of high rate tensile testing which use measuring
bars technique can be found in works (Hauser, 1966; Eskandari and Nemes, 2000;
Lindholm and Yeakley, 1968; Nicholas, 1981; Caverzan et al, 2012; Jiang and Zhang,
2006; Bragov et al, 2018). The main difference of these schemes is the way they
generate tension pulse. The schemes with tube strikers used for impact tensile loading
are very popular of late. This class of setups is known as the Split Hopkinson Tension
Bar (SHTB) technique. In Harding (1992) such experimental device was used to
investigate dynamic properties of composite materials. Similar loading schemes
were employed in Arthington et al (2012); Chen et al (2002); Gerlach et al (2012);
Hasenpouth (2010); Huh et al (2002); Noble and Harding (1994); Smerd et al (2005);
Taniguchi et al (2007); Yokoyama (2003); Young (2015); Bragov et al (2018). In the
present work, the Split Hopkinson Tension Bar method (Bragov et al, 2018) was used
to register the processes in the samples during high-strain rate tension experiments.

22.3 True Stresses and Strains in the Tension Experiments

The determination of true stresses and true strains in static and dynamic tension
experiments is complicated by localization of deformation (necking process) that
violates uniformity and homogeneity of stress-strain state. Calculation of stresses
and strains in a specimen on the basis of measured in the experiment integral
force and elongation become challenging under these conditions. In addition, strain
localization affects strain rate history, which increases dramatically in the neck
zone. These interpretation features are considered in works (Mirone, 2013; Mirone
et al, 2016). The appropriate correction of deformation diagram is required after
the necking point (Bridgman, 1955). To evaluate effective true stresses a number
of methods have been proposed by Alves and Jones (1999); Dietrich et al (1970);
Gromada et al (2011); La Rosa et al (2003); Ling (1996); Malinin and Rzysko (1981);
Mirone (2004); Zhang et al (1999); Bridgman (1955); Davidenkov and Spiridonova
(1946). The strain threshold of the initiation of localization can be determined by
the following conditions:
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= 0 or
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dε
=

σ

1 + ε
or

dσ

de
= σ (22.1)

here σ and σ0 are true and engineering stresses respectively, e and ε are true (loga-
rithmic) and engineering strains, respectively.

The main complexity of Bridgmen’s method (and similar approaches) is caused
by the necessity of precise determination of minimum radius of the neck section
and neck curvature. Another technique of deformation diagram correction, based
on universal (material independent) polynomial was proposed by Mirone (2004).
The coefficients of the polynomial are derived by generalization of a large amount
of experimental data. Mirone (2004) has showed that the proposed procedure is
material independent and allows the proper determination of effective stress with
account for strain localization. The effective true stress after necking prediction by
Mirone’s procedure exhibits an error of about 5 % for quasistatic elasto-plasticity
(Mirone, 2013). The high rate video registration was used in Gilat et al (2009);
Kajberg and Wikman (2007); Li and Ramesh (2007) to obtain the specimen minimum
radius history. In Bazhenov et al (2013); Ling (1996); Sasso et al (2008) numerical
simulation was used to reconstruct the true deformation diagram based on tensile
experimental data. The integral forces acting on the specimen and the specimen gauge
elongation are determined during the test. In the traditional method an assumption
of stress and strain fields uniformity is introduced to calculate stresses and strains
based on forces and size changes. Therefore, it is only applicable till the moment of
plastic strain localization (necking). This leads to losing a large part of stress-strain
curve after the necking process. Time histories of neck radius and neck curvature
during the whole tension process are to be used in the above analytical models, this
being a challenging task for high rate experiments. The common approach for true
stress-strain curve construction is an extension of the curve before necking using a
fracture point. The plastic strain on fracture and effective true stress on fracture are
determined using the minimum radius of the specimen in neck (a) and the radius
of curvature of the neck profile (R), measured after testing the specimen. The main
problem is the accurate determination of integral force acting on the specimen at
the moment of its rupture. The shape of transmitted pulse, by which the force is
measured, can be changed due to dispersion effect when using the Kolsky method
(Bragov et al, 2019).

The sharp decrease in force occurs when specimen is fractured. Then propagating
along measuring bar such a signal is blurred due to dispersion effect as shown in
Fig. 22.2. In Fig. 22.2 the blue line corresponds to the initial signal (force in the
specimen) and the orange one to the dispersed signal after the propagation in the
measuring bar (force in the strain gauges position). The accurate determination
of fracture force becomes essential. Moreover, it is necessary to know conditions
(strain rate, stress state, temperature) under which the material characteristics are
determined. The strain rate may increase significantly when deformation is localized.
It is impossible to estimate the strain rate at fracture without the history of neck
geometry.

The other method allowing true stress-strain curve construction including strain
localization is the reverse identification method. It is based on numerical modeling
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Fig. 22.2 Force blurring
illustration

of tension process. The main advantages of this approach are: there is no need for
registration of specimen geometry during experiment and the method takes into
account all features of the process and specimen (non-uniformities of stress and
strain fields, complexity of geometry, inertia effects and so on).

22.4 Experimental and Numerical Procedure of Construction a
True Strain Curve According to Experiment on High-Speed
Tension

In this paper, the restoration algorithm of a true material strain curve is realized on
the basis of experimental results on dynamic tension of specimens. The algorithm
is similar to the procedure described in (Bazhenov et al, 2013). An experimentally
measured integral force acting on the specimen during tension Fexp(t) as well as
time dependence of a specimen’s gauge elongation V (t) are used as input data. When
using the Kolsky method for the high-speed tension these data can be calculated by
formulas:

V (t) = cI · (εI(t)− εR(t))− cT · εT (t) (22.2)

Fexp(t) = ET · ST · εT (t) (22.3)

where cI , cT are bar sound speeds of the incident (subscript I) and the transmission
(subscript T) bars,ET andST are Young modulus and cross section area of output bar,
εI , εR and εT are incident, reflected and transmitted pulses registered in measuring
bars.
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The following iterative procedure for determination of the true diagram is to be
used:

1. The initial approximation of the material deformation diagram is selected (for
example, it can be a diagram obtained by extrapolation of a logarithmic curve,
or an ideal-plastic model) as a table.

2. Process of dynamic tension of a specimen is simulated according to the
scheme provided in Fig. 22.3, where boundary conditions at the top are
Vy(t) = V (t), Vx(t) = 0. Axial speed of the upper boundary V (t) is calculated
by formula 22.2.

3. The integrated reaction force Fcalc(t) on the fixed side is to be obtained.
4. Values (εip, σi

m) are determined for a discrete set of times ti in a finite element
in which the maximum effective plastic strain is realized (a finite element on
a specimen’s axis in a minimum section). Here εip is an effective plastic strain
in the specified finite element, σi

m is von Mises stress in the specified finite
element.

5. Tabular curve (εip, σi
m · Fexp(ti)

Fcalc(ti)
) is accepted as an approximation of a true strain

curve.
6. Steps 2-5 are repeated until the acceptable compliance of experimental and sim-

ulated forces is obtained or diagram at the next step stops changing significantly.

Fig. 22.3 Numerical simula-
tion problem statement

This iterative procedure is illustrated in Fig. 22.4. The experimental force and
forces obtained on various iterations are shown on the left of the figure, while on the
right, the history of diagram changing during consecutive adjustments is presented.
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It should be noted that the specified algorithm converges quickly enough, even with
a not very successful choice of the initial approximation of the deformation curve
(the model with a constant flow stress was used in the example).

Fig. 22.4 Convergence of iterative procedure of definition of a true strain curve with the use of
numerical modeling. On the left – comparison of forces, on the right – material diagrams for
various iterations (number of iteration is shown in a legend)

Firstly, the procedure was tested on virtual experiments for materials with different
strain hardening laws and gauge part geometries. Fig. 22.5 compares true curves
(used in virtual experiments models-black dashed lines) with the curves constructed
using the implemented procedure (markers). Figures 22.1 and 22.3 correspond to
“hard” material with linear strain hardening. Figures 22.2 and 22.4 correspond to
“soft” material with non-linear strain hardening. The gauge length of specimens in
figures 22.1 and 22.2 was 10 mm, in figures 22.2 and 22.4 5 mm. The diameters of
all specimens was 5 mm. The curves exhibit quite good agreement in a wide range
of strains.

Secondly, the procedure was used to construct the true stress-strain curves for
real materials. The data from SHTB experiments was used. Experiments with the
following features were selected (Fig. 22.6):

1. High rate tension tests of short (gauge length 5 mm, diameter 6 mm) specimen
made of copper M1 were performed. Non-uniformity of stresses and strains in
working part occurs due to closure of fixing parts.

2. High rate tension of iron alloy. The deformation of working part is mainly
uniform until fracture occurs.

3. High rate tension of aluminum alloy 1575 was carried out. Pronounced strain
localization occurs.

The diagrams obtained for specimens described above (orange markers) are shown
in Figs. 22.7-22.9. They are compared with curves constructed using the traditional
procedure which does not account for strain localization (solid blue lines). Dashed
lines in both cases (blue - traditional experiment processing, orange - experimental-
numerical procedure) correspond to strain rate histories (left vertical axis). For short
copper specimen (Fig. 22.7), the curves strongly differ even at small strains. The
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Fig. 22.5 Testing procedure on virtual experiments

Fig. 22.6 Tested specimens: from left to right – cupper M1, EP-718 alloy, aluminum alloy 1575

local strain rate exceeds twice the averaged strain rate estimated without localization
influence.

For iron alloy (Fig. 22.8), the stress-strain curves constructed with different meth-
ods coincide quite well. Taking localization into account allows to slightly extend
the diagram to strains of about 35%. For aluminum alloy 1575 (Fig. 22.9) the curve
constructed considering necking covers twice wider interval of strains.

Figure 22.10 demonstrates the shapes of specimens in real experiments and virtual
tests. They are very similar.

22.5 Conclusions

The review of the current state of high rate tension experiment shows that the most
popular technique for testing materials at strain rates, ranging from 102 to 104 s−1

is the Kolsky method or the Split Hopkinson Pressure Bar method and its numerous
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Fig. 22.7 High rate tension
diagram of cupper M1

Fig. 22.8 High rate tension
diagram of iron alloy

Fig. 22.9 High rate tension
diagram of aluminum alloy
1575

modifications. However, there are a number of features intrinsic to high rate tension
of visco-plastic specimens including stress and strain fields non-uniformity due to
the closure of fixing parts of sample and strain localization (necking). Numerical
analysis of high rate tension process proves that the true stress-strain curve can be
accurately constructed on the basis of the history of neck geometry during tension.
If the neck geometry data is unavailable, one can apply numerical simulation and
reverse analysis technique to obtain true dynamic diagram. Such procedure has been
implemented and tested in the present work.
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Fig. 22.10 Specimen shapes
in real and virtual experi-
ments: 1 - M1, 2 - Ep718, 3 -
1575
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